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We study how some geometric objects are affected by the action of a disformal transformation
in the metric tensor in the direction of a null-like vector field. Subsequently, we analyze symmetry
properties such as mutual geodesics and mutual Killing vectors, generalized Weyl transformations
that leave the disformal relation invariant, and introduce the concept of disformal Killing vector
fields. In most cases, we use the Schwarzschild metric, in the Kerr-Schild formulation, to verify our
calculations and results. Finally, we revisit the disformal operator using a Newman-Penrose basis
to show that, in the null-like case, this operator is not diagonalizable.
I. INTRODUCTION
Effective metrics constitute an important tool for the description of physical phenomena, since they allow researchers
to explore intermediary regimes of a given system using standard tools of differential geometry, instead of dealing
with different mathematical structures derived from different fundamental theories. Just to mention few examples,
we can refer to applications in Analogue Gravity (see [1, 2] and references therein). Another interesting application
in quantum gravity can be found in [3–5].
Among these effective metrics, here we consider those generated by the so called disformal transformations. They
are, essentially, a generalization of conformal transformations, in which besides a conformal rescaling of a background
metric, it is considered a rank-2 tensor field with properties that guarantee the invertibility of the disformal metric.
Although one could define disformal transformations in the context of Riemannian geometry, the case of a pseudo-
Riemannian geometry with Lorentzian signature is far more rich due to the changes in the causal structure and its
applications to physics.
Since its appearance, in the nineties due to Bekenstein’s works [6, 7], disformal transformations have had numerous
applications. For instance TeVeS theories for MOND [8], bimetric theories of gravity [9], scalar [10] or scalar-tensor
theories [11–14] (including Mimetic [15–18] and Horndeski gravity [19–21]), disformal inflation [22], chiral symmetry
breaking [23], anomalous magnetic moment for neutrinos [24], disformal invariance of matter fields [25–27], quantum
gravity [28] and more on analog gravity [29, 30].
In Ref.[28], besides demonstrating a link between disformal transformations and rainbow gravity, we further analyzed
the mathematical properties of disformal transformations defined by time-like vectors (with respect to the background
metric). We defined a disformal operator that acted on the (co-)tangent space, which worked as a decomposition
of the disformal transformation on the metric tensor. This way, we managed to, in certain sense, explain the group
operation rule of successive disformal transformations and solve some ambiguity issues.
In the present text, we continue to study the properties of these transformations, now using null-like vectors to
define them (which we call null-like disformal transformations). We explicitly decompose the connection and the
curvature, study invariant geodesics and Killing vectors, generalize Weyl transformations for the geometry induced by
null and time-like disformal transformations, define the disformal Killing equation and study the disformal operator
using a Newman-Penrose basis.
This text is divided as follows: In section II we fix the notation used throughout the text, revise the definition
of a derivative operator and list some formulae concerning conformal transformations. In section III, we study the
geometry of null-like disformal transformations providing some generalizations of results valid in the conformal frame.
In multiple examples we provide a test case to verify our results. In section IV we extend the definition of a conformal
Killing vector to the disformal case, showing explicitly a solution when the background metric is flat. Finally, in
section V we mention some relevant algebraic differences between the null and time-like disformal operators. In
section VI, we conclude with some future perspectives.
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2II. PRELIMINARIES: DERIVATIVE OPERATORS, CURVATURE AND CONFORMAL
TRANSFORMATIONS
Though we assume the reader to be familiarized with differential geometry, we start revising the definition of
a derivative operator showing that any two derivative operators differ by a tensor. We shall use Penrose’s abstract
index notation [31], in which tensor equations with Latin indices are true tensor equations (i.e., valid in any coordinate
system) and tensor equations with Greek indices represent equations valid on a given coordinate system.
Definition 1 (Derivative operators). A derivative operator Da on a manifoldM is a map which takes each Cr tensor
field of type (k, l) to a tensor field of type (k, l + 1) and satisfy
1. Linearity: For all A,B ∈ T (k, l) and α, β ∈ R,
Da
[
αAb1...bk c1...cl + βB
b1...bk
c1...cl
]
= αDaA
b1...bk
c1...cl
+ βDaB
b1...bk
c1...cl
. (1)
2. Leibnitz rule: For all A ∈ T (k, l) and B ∈ T (k′, l′),
De
[
Aa1...akb1...blB
c1...ck′
d1...dl′
]
= De
[
Aa1...akb1...bl
]
B
c1...ck′
d1...dl′
+ Aa1...akb1...blDe
[
B
c1...ck′
d1...dl′
]
. (2)
3. Commutativity with contraction: For all A ∈ T (k, l),
Dd
[
Aa1...c...akb1...c...bl
]
= DdA
a1...c...ak
b1...c...bl
. (3)
4. Consistency with the notion of vector fields as directional derivatives on scalar fields: For all f ∈ Cr(M ) and
all ta ∈ Γ(TM ),
t(f) = taDaf. (4)
5. Torsion free: For all f ∈ Cr(M ) ,
DaDbf = DbDaf. (5)
Lemma 2. Consider a manifoldM endowed with two metric tensors g and gˆ and their respective derivative operators
∇a and ∇ˆa (i.e., ∇cgab = 0 and ∇ˆcgˆab = 0). Then, for any tensor field T b1...bkc1...cl we have
∇ˆaT b1...bkc1...cl = ∇aT b1...bkc1...cl +
∑
i
CbiadT
b1...d...bk
c1...cl
−
∑
j
Cd acjT
b1...bk
c1...d...cl
, (6)
where
Ccab =
1
2
gˆcd {∇agˆbd +∇bgˆad −∇dgˆab} . (7)
Proof. See [31], chapter 3.
The reader should reckon the expression for Ccab as a generalized Christoffel symbol. In fact, the Christoffel
symbols are obtained using the same procedure and choosing ∇a and ∂a as derivative operators. Since it depends
on the coordinate system used to define the derivative operator ∂a, the Christoffel symbols are not a true tensor in
another coordinate system. Using lemma 2 we have, for any 1−form field ωb, that(
∇ˆa −∇a
)
ωb = ∇ˆaωb −∇aωb
= ∂aωb − Γˆcabωc − (∂aωb − Γcabωc)
=
(
Γcab − Γˆcab
)
ωc. (8)
3On the other hand, using lemma 2, we have ∇ˆaωb = ∇aωb − Ccabωc, yielding
Γˆcab = Γ
c
ab + C
c
ab. (9)
Therefore, once we know Γcab, the knowledge of Γˆ
c
ab determines C
c
ab, and vice-versa. Let us see how to relate the
curvature tensors associated with the two different affine connections ∇ and ∇ˆ in the form of the following
Proposition 3. The curvature tensor Rˆ dabc associated with the metric gˆ in terms of the geometry defined by g is
given by
Rˆ dabc = R
d
abc − 2∇[aCdb]c + 2Cec[aCdb]e. (10)
Proof. By definition
Rˆ dabc ωd =
[
∇ˆa, ∇ˆb
]
ωc
= ∇ˆa(∇ˆbωc)− ∇ˆb(∇ˆaωc)
= ∇a(∇ˆbωc)− Cdab(∇ˆdωc)− Cdac(∇ˆbωd)− (a↔ b), (11)
where a↔ b represents the same expression but interchanging the indices a and b. Replacing ∇ˆmωn = ∇mωn−Cpmnωp
and performing some index substitutions one gets[
∇ˆa, ∇ˆb
]
ωc = R
d
abc ωd +
[∇bCdac −∇aCdbc + CeacCdbe − CebcCdae]ωd, (12)
therefore concluding the proof.
Note that when ∇ˆ = ∇ the C symbols are all zero and the geometry is kept the same, of course.
Corollary 4. The Ricci and scalar curvature associated with gˆ are, respectively, given by
Rˆac = Rac − 2∇[aCbb]c + 2Cec[aCbb]e (13)
Rˆ = gˆacRˆac. (14)
A. The geometry of conformal transformations
Let (M , gab) be a spacetime. A conformal transformation of (M , gab), denoted by (M , g˜ab), is essentially a local
angle-preserving change of scale where the new metric tensor is given by
g˜ab = Ω
2gab. (15)
It is worthwhile to mention that a conformal transformation, as defined here, is not a change of coordinates, but an
actual change change of the geometry. Formally, it should be written (M , gab) 7−→ (M˜ , g˜ab). However, the spacetime
(M˜ , g˜ab) is a subset of the manifoldM endowed with another metric tensor defined on it, hence the abuse of notation.
It should be clear that conformal transformation are not, in general, associated with a diffeomorphism of M [31].
Because now one can consider two metric tensors defined onM , hence two affine connections, it is of major interest
to use conformal transformations to change our dynamical variables: anything that is a function of gab can be equally
thought as a function of g˜ab and Ω. We say that these quantities are expressed in the conformal frame. To resume
this section we list some quantities of interest in the conformal frame.
Proposition 5. In the conformal frame we have:
Ccab = 2δ
c
(a∇b) ln Ω− gabgcd∇d ln Ω (16)
R˜ dabc = R
d
abc + 2δ
d
[a∇b]∇c ln Ω− 2gdegc[a∇b]∇e ln Ω + 2(∇[a ln Ω)δdb]∇c ln Ω
− 2(∇[a ln Ω)gb]cgdf∇f ln Ω− 2gc[aδdb]gef (∇e ln Ω)(∇f ln Ω) (17)
R˜ac = Rac − (n− 2)∇a∇c ln Ω− gacgde∇d∇e ln Ω
+ (n− 2)(∇a ln Ω)(∇c ln Ω)− (n− 2)gacgde(∇d ln Ω)(∇e ln Ω) (18)
R˜ = Ω−2
{
R− 2(n− 1)gac∇a∇c ln Ω− (n− 2)(n− 1)gac(∇a ln Ω)(∇c ln Ω)
}
(19)
˜φ = Ω−2φ+ (n− 2)gabΩ−3(∇aΩ)(∇bφ), (20)
for any Cr(r ≥ 2) scalar field φ.
Proof. Check the appendix D of [31].
4III. THE GEOMETRY OF NULL-LIKE DISFORMAL TRANSFORMATIONS
A. Connection, curvature and the d’Alembertian
Disformal transformations can be seen as a generalization of conformal transformations. As such, they do not
represent a change in coordinates, but a local change in the geometry instead. One might think of a conformal
transformation as a smooth, isotropic and infinitesimal stretch at a point, whereas a disformal transformation is a
smooth, anisotropic and infinitesimal stretch at a point. Given a spacetime (M , gab), a null-like vector V c and two
spacetime-dependent scalars α and β with α > 0, we define a null-like disformal transformation (M , gab, V c, α, β) 7−→
(M , gˆab) as a change in geometry when the metric tensor changes according to
gˆab = αgab + βVaVb ≡ αgab + βgacgbdV cV d. (21)
It is easy to check that the inverse of the disformal metric in that case is given by
gˆab =
1
α
gab − β
α2
V aV b. (22)
Since we are now dealing with a manifold endowed with two metric tensors, it is important to distinguish which metric
tensor is being used when raising and lowering indices. One shall deal with this problem by explicitly writing the
metric in all formulae in which indices are raised or lowered.
We can now consider some of the dynamical variables in the disformal frame. Using the definition of the tensor
Ccab in lemma 2 we find:
Ccab =
1
2α
[
2α(aδ
c
b) + 2βV
cV(a;b) + V
cβ(aVb) + 2βV
c
(;aVb) + V
cβ(aVb)
− gabgcdαd − 2βV(a;|d|gcdVb) − βdgcdV(aVb)
]
− 1
α2
[
2βα(aVb)V
c − gabV cα˙β − 2β2V˙(aVb)V c − ββ˙V(aVb)V c
]
, (23)
Rˆ =
1
α
R− β
α2
RacV
aV c +
1
4α2
{
4(1− n)α+ 4βV bV a;a;b + 2βV aV b;a;b
− 6βV agbcVa;b;c + 4β(∇ · V )2 + 2βV a;bV b;a − 6βgbcV a;bVa;c + 11β(∇ · V )
+ βa;bV
aV b + 4βaV˙
a +
9
2
(β˙)2
β
}
+
1
4α3
{
− (n− 1)(n− 6)α ? α+ 6(n− 2)βα¨
+ (11n− 24)β˙α˙+ (3n− 4)βV˙ aαa + (8n− 20)βα˙∇ · V + 5β2V˙ aV˙a + 4β2V aV bV cVa;b;c
}
+
1
4α4
(2n2 − 19n+ 30)β(α˙)2, (24)
and
ˆΦ = 1
α
Φ− 1
α2
βV aΦ˙a +
1
α3
(3− n)α˙Φ˙
− 1
2α2
[
(2− n)Φaαa + 3β˙Φ˙ + 2βΦ˙(∇ · V ) + 2βV˙ cΦc
]
, (25)
where n = dimM , αa = ∂aα, α˙a = V b∇b∂aα, α¨ = V aV bαa;b, Va;c = ∇cVa, ∇ · V = ∇aV a, α = ∇a∇aα,
α ? α = gab∂aα∂bα and V˙
a = V b∇bV a. Setting V a = 0 and α = Ω2 one can recover the geometry in the conformal
frame given in proposition 5.
In the examples below, we are going to refer them to a test case. They are used to show the validity of our formulae
in an actual example. In order to avoid defining it in every example, the reader should have in mind the following
Definition 6 (The test case). The manifoldM is R4 with Cartesian coordinates {xµ} = (t, x, y, z) and the background
metric is the Minkowski one gab = diag(1,−1,−1,−1). The disformal parameters are α = 1 and β = 2mr , and the
null-like vector V µ =
(
1,−xr ,−yr ,− zr
)
, and r =
√
x2 + y2 + z2. This is the Schwarzschild metric in the Kerr-Schild
formulation. Of course one could use the Kerr-Newman metric as a test case, but this would complicate significantly
the calculations without adding anything new to the problem.
5Example 7 (The test case – I). The derivative operator compatible with g is the coordinate system derivative
operator ∂a and Γ
c
ab ≡ 0 (and therefore The Riemann and Ricci tensors are null everywhere). Using Eq. (9) we have
Ccab = Γˆ
c
ab, (26)
which is simply the Eq. (7) when one replaces ∇a by ∂a, as expected. Using Eq. (10) and using the fact that
R dabc = 0, ∇a = ∂a and Ccab = Γˆcab we have
Rˆ dabc = R
d
abc +∇bCdac −∇aCdbc + CeacCdbe − CebcCdae
= ∂bΓˆ
d
ac − ∂aΓˆdbc + ΓˆeacΓˆdbe − ΓˆebcΓˆdae, (27)
which is the expression for the Riemann curvature tensor associated with gˆ as expected. Substituting α = 1, β = 2m/r,
and n = 4 in the expression for the scalar curvature (24) we obtain Rˆ = 0.
B. Mutual geodesics
One might be interested in comparing the geodesics with respect to ∇ with those with respect to ∇ˆ. As is the
case for conformal transformations, one cannot expect the geodesics to be preserved. Nonetheless, for conformal
transformations null geodesics are indeed preserved, although the geodesic in the conformal frame is not affinely
parameterized. This is an extraordinary feature that allows one to study causality up to a conformal transformation
(for instance, using the Carter-Penrose conformal diagrams). Since disformal transformations provide a generalization
of the conformal ones, we cannot expect the geodesics to be preserved, not even in the null case. Surprisingly, if the
tangent vector of a null geodesic satisfies an extra condition, this null geodesic is preserved. This result can be stated
as the following
Proposition 8. Let (M , gab, V c, α, β) 7−→ (M , gˆab) be a null-like disformal transformation. Let wa ∈ Γ(TM ) be the
tangent vector to an affinely parameterized null geodesic γ of the background metric. If waV
a = waVa = gabw
aV b = 0,
then γ is a null geodesic with respect to ∇ˆ.
Proof. We have
wa∇ˆawb = wa∇awb + Cbacwawc
= Cbacw
awc,
since wa∇awb = 0. Using the expression for Cbac yields
wa∇ˆawb =
{ 1
2α
[
2α(aδ
b
c) + 2βV
bV(a;c) + V
bβ(aVc) + 2βV
b
(;aVc) + V
bβ(aVc)
− gacgbdαd − 2βV(a;|d|gbdVc) − βdgbdV(aVc)
]
− 1
α2
[
2βα(aVc)V
b − gacV bα˙β − 2β2V˙(aVc)V b − ββ˙V(aVc)V b
]}
wawc
= (wa∇a lnα)wb.
The parameters of the geodesics are then related by dλˆdλ = cα, where c ∈ R is a constant, showing that it is not affinely
parameterized. We used that 2βV(c;a)V
bwawc = 0. Indeed:
2βV(c;a)V
bwawc =
{
βV b∇aVc + βV b∇cVa
}
wawc
= βV bwawc∇aVc + βV bwawc∇cVa.
Investigating the first term (the second term follows by analogy), we have
βV bwa∇a(wcVc) = 0 = βV bwawc∇aVc︸ ︷︷ ︸
first term
+βV bVc w
a∇awc︸ ︷︷ ︸
=0 (geodesic)
.
6The proposition above shows that for the case of a null-like disformal transformation the null vector wa must satisfy
an extra condition, to wit Vaw
a = 0. This extra condition involves a coupling between wa, the disformal portion
of the transformation. Therefore, since conformal transformation preserve causal relations, the study of the causal
structure must rely on β and V c. As shown in [28], β plays the crucial role in the change of the causal structure.
Example 9 (The test case – II). The vector defining this disformal transformation, V µ =
(
1,−xr ,−yr ,− zr
)
, satisfy
the conditions of the proposition above. Therefore:
V µ∇µV ν = V µ∇ˆµV ν = 0. (28)
These are precisely the radial null-like geodesic of Minkowski and Schwarzschild spacetimes.
C. Mutual Killing vector fields
Let (M , gab) be a spacetime. We say that ξa ∈ Γ(TM ) is a Killing vector field of gab if
Lξgab ≡ ξc∂cgab + (∂aξc)gcb + (∂bξc)gca = 0, (29)
i.e., the Lie derivative of gab in the direction of ξ
c is zero. The Killing vectors of a metric are associated with the
symmetries of that metric. Despite the appearance, equation (29) is known to be covariant.
Needless to say, knowing the Killing vectors is of major importance. The proposition below relates the Killing
vectors of the background and disformal metrics. The corollary provides a well-known result when the disformal
transformation is purely conformal.
Proposition 10. Let (M , gab, V c, α, β) 7−→ (M , gˆab) be a null-like disformal transformation and let ξc be a Killing
vector field of gˆab. Then, ξ
c is a Killing vector field of gab if, and only if,
(ξc∂cα)gab + ξ
c∂c(βVaVb) + 2βV(a
(
∂b)ξ
c
)
Vc = 0. (30)
Proof. Using the equation (29) for the metric gˆab, we have:
Lξ gˆab = ξ
c∂cgˆab + (∂aξ
c)gˆcb + (∂bξ
c)gˆca = 0. (31)
Replacing the expression for gˆab yields
0 = Lξ gˆab = (ξ
c∂cα)gab + αLξgab + ξ
c∂c(βVaVb) + 2βV(a
(
∂b)ξ
c
)
Vc. (32)
Since α 6= 0, Lξgab = 0 if, and only if,
(ξc∂cα)gab + ξ
c∂c(βVaVb) + 2βV(a
(
∂b)ξ
c
)
Vc = 0. (33)
Corollary 11. For conformal transformations, ξa is at least a conformal Killing vector field of gab and will be a true
Killing vector field if, and only if, α is constant along the orbits (integral curves) of ξa.
Example 12 (The test case – III). In that case, α ≡ 1 and therefore the necessary and sufficient condition for ξc to
be a mutual Killing vector field of the Minkowski and Schwarzschild metrics is
ξc∂c(βVaVb) + 2βV(a
(
∂b)ξ
c
)
Vc = 0. (34)
The rotational Killing vectors R = −y∂x + x∂y, S = z∂x − x∂z, T = −z∂y + y∂z and the time-translation Killing
vector ∂t are shown to satisfy the equation (34). Therefore, they are Killing vector fields for both metrics.
D. Generalized Weyl transformations
Weyl geometry is a generalization of Riemannian geometry, that presents a non-metricity tensor, i.e., the compati-
bility between the metric of the manifold and the connection is determined by the rule
∇cgab = σcgab, (35)
7where σc is a 1-form field named the Weyl field. By assuming this W-compatibility condition, along with the torsionless
connection requirement, it is possible to generalize Levi-Civita’s theorem to find the unique connection that satisfies
(35), given by
Γcab =
1
2
gcd (∂agbd + ∂bgad − ∂dgab)− 1
2
gcd (σagbd + σbgad − σdgab) . (36)
Such geometry presents an inherent symmetry property. By performing the simultaneous transformation, named
Weyl transformations, (gab , σc) 7→ (efgab , σc + f,c), the form of the compatibility condition (35) and the connection
coefficients (36) are preserved. Which means that for the simultaneous transformations ĝab
.
= efgab and σ̂c
.
= σc+f,c,
the compatibility condition transforms to
∇cĝab = σ̂cĝab, (37)
and consequently the connection coefficients have the same functional dependence as (36), but depending of the pair
(ĝab, σ̂c). This means that different choices of the scalar function f defines different frames in this geometry.
An interesting possibility consists in defining σ = dφ, i.e., the Weyl field as the differential of a scalar field φ. This
defines the so called integrable Weyl geometry. This way, looking at the Weyl transformations, by choosing f = −φ,
there exists a Riemannian frame
(gab, φ) 7−→
(
ĝab = e
−φgab, dφ̂ = 0
)
, (38)
meaning that the integrable Weyl geometry can be effectivelly described as a Riemannian geometry with an effective
conformal metric. In fact, considering the conformal relation ĝab = e
−φgab, it is straightforward to check that it is
invariant under the Weyl transformation, i.e., if we transform g˜ab = e
fgab and φ˜ = φ+ f , we have
ĝab = e
−φgab 7−→ e−φ˜g˜ab. (39)
Since there exists a Riemannian frame, a different form of treating the integrable geometry and deriving the Weyl
transformation consists in treating it as a Riemannian geometry in an effective, conformal metric. This way, the
Riemannian compatibility condition
∇c
(
e−φgab
)
= 0 (40)
is equivalent to equation (35) for σ = dφ. And even the connection coefficients (36) are the Christoffel symbols
of e−φgab. Since the Weyl transformation preserves the form of the effective metric by (39), it also preserves the
W-compatibility condition induced by the conformal metric
∇c
(
e−φgab
)
= 0⇔ ∇cgab = φ,cgab. (41)
This construction can be generalized to an induced geometry inspired by disformal a transformation [32]. Consider
a disformal relation
ĝab = αgab + βgacgbdV
cV d. (42)
Performing a disformal transformation (gab, V
c, λ, γ) 7−→ (g˜ab),
g˜ab = λgab + γgacgbdV
cV d. (43)
Inverting this relation we have[35]
gab =
1
λ
g˜ab − γ
λ3
V˜aV˜b, (44)
where V˜a
.
= g˜abV
b.
Substituting in Eq. (42), we have
gˆab =
α
λ
g˜ab +
1
λ2
(
β − αγ
λ
)
V˜aV˜b. (45)
If we define
α˜ =
α
λ
, β˜ =
1
λ2
(
β − αγ
λ
)
, (46)
8the disformal relation is preserved. Therefore, for the simultaneous transformations
g˜ab = λ gab + γVaVb,
V˜a = λVa,
α˜ = α/λ,
β˜ = (β − αγ/λ)/λ2,
=⇒ α gab + β VaVb 7−→ α˜ g˜ab + β˜ V˜aV˜b . (47)
For the case of conformal transformations, as we saw above, the simultaneous transformations that preserve the
conformal relation are {
g˜ab = λ gab ,
α˜ = α/λ .
=⇒ α gab 7−→ α˜ g˜ab. (48)
These are the Weyl transformations, and the preservation of the conformal relation is related the invariance of the
compatibility condition in integrable Weyl geometry.
The silmultaneous transformations (47), can be regarded as those that preserve the compatibility condition between
the metric and the connection induced by a disformal transformation in the sense of [32], where the functions (λ, γ)
label different frames of the induced geometry.
E. A brief comment on the time-like case
A similar analysis may be done in the time-like case. Consider a fixed time-like disformal relation [28]
gˆab = α gαβ + β
VaVb
gcdV cV d
. (49)
Performing a disformal transformation on g
g˜ac = λ gab + γ
VaVb
gcdV cV d
. (50)
If we invert this transformation using the rule presented in [28] and substitute the result in Eq. (49), we have
gˆab = α˜g˜ab + β˜
V˜aV˜b
g˜cdV cV d
, (51)
where we defined
α˜ =
α
λ
, β˜ =
β
λ+ γ
− α
λ
γ
(λ+ γ)
. (52)
This way, by performing the simultaneous transformations
g˜ab = λ gab + γ VaVb/(gcdV
cV d),
V˜a = (λ+ γ)Va,
α˜ = α/λ,
β˜ = β(λ+ γ)−1 − αγ [λ(λ+ γ)]−1,
=⇒ α gab + β VaVb
gcdV cV d
7−→ α˜ g˜ab + β˜ V˜aV˜b
g˜cdV cV d
. (53)
Which means that also in the time-like case there are different gauges that preserve the disformal relation (49), as
was also observed in [32].
IV. DISFORMAL KILLING EQUATION
In this section we generalize the notion of conformal Killing vectors to the disformal case. It is shown that, under
some hypotheses, it is possible to find a solution for this disformal Killing equation. The meaning of this solution is
discussed in the end of this section. We begin with the following
9Definition 13. A vector field Xc, satisfying the equation
(LXg)ab = α gab + β VaVb, (54)
is called a null-like disformal Killing vector of the metric g, where α and β are scalar fields and V c is a null-like vector
field.
It would be an exercise in futility to define such an object if no solution to equation (54) existed. Let us consider
a flat metric ηab and the 1−form field
√
βVa = Ua = ∂aφ for scalar field φ. We analyze this particular case following
the notation of [33].
From the trace of the equation (54), the null-like disformal Killing equation is
∂aXb + ∂bXa =
2
n
ηab∂cX
c + UaUb (55)
Defining ψ = 2n∂cX
c and differentiating equation (55) we have
∂c∂aXb + ∂c∂bXa = ηab∂cψ + Ub∂cUa + Ua∂cUb, (56)
∂a∂bXc + ∂a∂cXb = ηbc∂aψ + Uc∂aUb + Ub∂aUc. (57)
Subtracting (56) and (57):
∂b (∂cXa − ∂aXc) = ηab∂cψ − ηbc∂cψ + Ua∂cUb − Uc∂aUb. (58)
Differentiating again, considering that ∂d∂b (∂cXa − ∂aXc) = ∂d∂b (∂cXa − ∂aXc), and contracting the result with
ηadηbc, yields
(n− 1)ψ + ηadηbc (∂b∂aφ) (∂c∂dφ)− (φ)2 = 0, (59)
where  = ηab∂a∂b. For simplicity, let us assume the case in which ∂αφ = 2Cα in Cartesian coordinates (now we
are using greek indices because we are fixing the coordinate system to be the Cartesian one). This way, Eq. (59) is
simply
ψ = 0. (60)
We will chose the solution to be
ψ = 2B + 4Bαx
α, (61)
where B,Bα are constants. Substituting in (58), and integrating
∂λXα − ∂αXλ = 4 (Bλxα −Bαxλ) + 2Aαλ, (62)
where Aαλ = −Aλα. Summing Eqs. (55) and (62), we have
∂λXα = 2(Bλxα −Bαxλ) +Aαλ + ηαλ
(
B + 2Bβx
β
)
+ 2CλCα. (63)
Finally, integrating this equation we find
Xα = Aα + (Aαλ + 2CαCλ)x
λ +Bxα + 2Bλxαx
λ −Bαxλxλ, (64)
where Aα are arbitrary constants.
This solution can be decomposed as a linear combination of the generators of the conformal group [33]
pα = ∂α, mαβ = xα∂β − xβ∂α,
d = xα∂α, kα = 2xαx
β∂β − xβxβ∂α,
and the fixed vector
w = 2CαCβx
β∂α. (65)
To illustrate our construction, consider the coordinate transformation induced by w:
x′α = xα + 2CαCβxβ . (66)
This way, the light cone transforms as
ηαβx
′αx′β = (ηαβ + 4CαCβ)xαxβ = (ηαβ + UαUβ)xαxβ . (67)
Which means that a coordinate transformation induced by the disformal Killing equation preserves the disformal
structure.
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V. THE DISFORMAL OPERATOR REVISITED
In Refs. [27, 28] the group structure and disformal operator were studied in detail for the time-like case. However,
some algebraic differences occur when one deals with null-like disformal transformations/operators. Remember that
time-like disformal transformation is defined as
gˆab = αgab +
β
V 2
VaVb, (68)
with inverse given by
gˆab =
1
α
gab − β
α(α+ β)
V aV b
V 2
. (69)
In [28] it was verified that the operator gˆab ≡ gˆcbgac is the square of the disformal operator, and that such an operator
has a basis of eigenvectors. In fact, one can choose an orthonormal basis (orthonormal with respect to g) at a point
p ∈M where
√
V 2ea(0) = V
a to show that, in that basis,
gˆ =
 α+ β 0 0 00 −α 0 00 0 −α 0
0 0 0 −α
 , (70)
therefore,
D2time-like =
 α+ β 0 0 00 α 0 00 0 α 0
0 0 0 α
 . (71)
The trick consisting of taking an unit vector in the direction of V a and completing this set to an orthonormal basis
proves that the disformal operator has a basis of eigenvectors.
Intending to extend this idea to the case of a null-like disformal transformation, the overt problem is that V a cannot
belong to an orthonormal basis. One could, however, do the second best thing: Consider a null-like tetrad basis at
an arbitrary point p ∈ M (i.e., a Newman-Penrose basis) where V a = ea(0). The background metric in this basis is
given by
g =
 0 1 0 01 0 0 00 0 0 −1
0 0 −1 0
 . (72)
In this case we have
gˆ =
 β α 0 0α 0 0 00 0 0 −α
0 0 −α 0
 =⇒ D2null =
 α β 0 00 α 0 00 0 α 0
0 0 0 α
 . (73)
The null tetrad basis chosen is almost a Jordan basis. Changing ea(0) → βea(0) and keeping the other vectors in our
basis unchanged, we have our Jordan basis and the disformal operator is given by
D2null =
 α 1 0 00 α 0 00 0 α 0
0 0 0 α
 . (74)
It is now obvious that D2 has only α as an eigenvalue with algebraic multiplicity 4, geometric multiplicity 3 and the
minimal polynomial given by pM (x) = (α−x)2 . Hence, no basis of eigenvectors of D2null can exist. Finally, it is easy
to verify that the product of matrices of the type (73) is a matrix of the same type, showing that the group structure
is also satisfied by null type disformal operators/transformations.
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Time-like disformal transformations keep the causal character of the vector used in the disformal transformation.
This is also the case for null-like transformations, as the reader can easily verify (the fact to the matter is that
the vector used to define disformal transformations is always an eigenvector of the disformal operator, therefore the
subspace generated by it is preserved). As a result, in the null case the background and foreground light cones coincide
along one null direction (one, and only one, since the last two eigenvectors of (74), although null-like in character,
are complex), which explains the narrow relation between null-like disformal transformations and the conformal ones
pointed out in this work (se also figure 1 below). More information can be found in an independent study performed
in [34].
FIG. 1: The figure in the left represents the relation between the light cones after a time-like disformal transformation (check
that the only coincide at the origin) whereas the figure on the right represents the relation between the light cones after a
null-like disformal transformation (check that it is nearly conformal in the vicinity of the shared null direction).
VI. CONCLUDING REMARKS
We revised how some geometric objects change when two affine connections are defined on M and applied the
results for the case of a null-like disformal transformation. As pointed out throughout the text, similar results can be
found for both null-like disformal transformations and conformal transformations. Many of these similarities are due
to the geometric fact that the light cones of a null-like disformal metric share a null direction with the background
light cones (whereas the conformal light cones share all null directions), and are not expected to be true for time-like
disformal transformations. Furthermore, the new results presented here are accompanied with important physical
examples.
To motivate further studies in this area, we introduced the concept of a disformal Killing vector field showing a
explicit solution in a particular case. We also generalized the concept of Weyl transformations that preserve the
null-like disformal relation.
Finally, we revisit the disformal operator and its algebraic properties, showing that it is not diagonalizable in the
present case and the suitable basis to study it is a basis consisting of null vectors. Future works containing the relation
between spinors and null-like disformal transformations beyond the scope of [27] are now under investigations.
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